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Image annotation is a typical area where there are multiple t ypes of attributes associated with
each individual image. In order to achieve better performan ce, it is important to develop e ective
modeling by utilizing prior knowledge. In this paper, we ext end the graph regularization ap-
proaches to a more general case where the regularization is i mposed on the factorized variational
distributions, instead of posterior distributions implic  itly involved in EM-like algorithms. In this
way, the problem modeling can be more exible, and we can choo se any factor in the problem
domain to impose graph regularization wherever there are si milarity constraints among the in-
stances. We formulate the problem formally and show its geom etrical background in manifold
learning. We also design two practically e ective algorith ms and analyze their properties such as
the convergence. Finally, we apply our approach to image ann otation and show the performance
improvement of our algorithm.

Categories and Subject Descriptors: H.3.1 [ Information Storage and Retrieval ]: Content
Analysis and Indexing| Indexing Methods

General Terms: Algorithms, Theory, Languages
Additional Key Words and Phrases: Automatic Image Annotati on, Semantic Indexing, graph
regularization, Laplacian regularization, variational i  nference, Semi-Supervised Learning

1. INTRODUCTION

In recent years, as digital cameras become increasingly ardable and widespread,
personal digital photos are growing exponentially and phob sharing through the
Internet also becomes a common practice. To achieve the patial value of large
image collections, users have to be able to search and accdssages e ectively.
Image annotation, the task of associating textual words to he images, is a good
way to reduce the semantic gap and can be used as an intermediéastep to image
retrieval. It enables users to retrieve images by text queres and often provides
semantically better results than content-based image retieval. In recent years,
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automatic image annotation based on machine learning has #tacted more and
more research interests.

Machine learning considers learning a function which can beaised to compute
the output provided the input [Bousquet et al. 2003]. In methodology, function
learning is done by imposing some regularity condition on tke function to learn,
and minimizing the regularized sum of residual error. In this way, machine learning
algorithms can achieve good performance in terms of geneiahtion.

However, when the application area of machine learning is lwmadened, new ap-
plication areas where data are presented with multiple modéties or cross-media
information. This puts new demand on machine learning methalology which can
deal with more complex data structure and learning among then consistently by
sharing knowledge over the whole problem [Li et al. 2009]. Foexample, in the
image annotation area, images have visual features and tental annotations, and
some may even have information like events, categories, use etc. When the
knowledge of social network are introduced, the problem sucture becomes further
inter-correlated [Chang and Blei 2009]. If we are going to ddunction learning in
the traditional way, then multiple function learning insta nces should be conducted,
such as function from visual features to textual labels (forimage categorization),
function from meta information to visual features (for image retrieval), etc. For
example, in [Chang and Sychay 2003], individual classi ersare trained for each
potential annotation labels. Sharing knowledge among di eent function learning
instances are not so straightforward, but in order to achiee better performance, it
has to be done.

Statistical modeling and inference are thus introduced inb the machine learn-
ing area to deal with this problem [Jordan 1999]. In statistical inference, all the
variables in a certain problem domain are modeled as randomariables, there are
also certain latent variables to help modeling the problem h a compact way. And
the structure of the problem is modeled as the probabilisticdependency among all
these variables. Statistical inference in this case, is a geral methodology to infer
believes of some variables given the observations of somehets.

With these benets at hand, there are also two major problems of statistical
inference, one about modeling [Bilmes 2004] and the other atut inference [Pearl
1988]. These di culties require the statistical modeling process to use exponential
family distributions together with conjugacy constraints among variables, so that
the inference algorithm will not rely too heavily on sampling techniques [Bishop
2007]. Even with these, approximate inferences are still rguired for relatively large
scale problems, such as variational inference and Gibbs sating, both of which
further introduce performance loss. Thus, a relatively we& modeling procedure
with its weakness complemented by the regularization imposd on is preferred. In
this way, the statistical modeling can remain in a certain level of simplicity, but the
responsibility to ensure learning performance is achievedby using regularization.
This is the main standpoint of this paper.

For image annotation, the fundamental problem is how to modé the relation-
ship among di erent modalities, including visual features and textual annotations,
associated with the possibly existed latent topics of imags, as well as the rela-
tionship among di erent images. Latent topic modeling has long been a promising

ACM Transactions on Intelligent Systems and Technology, Vo I. 1, No. 1, Jan 2010.



Variational Inference with Graph Regularization for Image mhotation 3

approach for this problem[Blei and Jordan 2003], [Barnard &al. 2003], [Monay and
Gatica-Perez 2003], [Monay and Gatica-Perez 2004]. As is oomon, model based
approaches have the bene t of better e ciency and stability, while it su ers mostly
from probably insu cient modeling, i.e., when the model does not fully describe
the problem domain, the inferred quantities may not be accuate, e.g, if data is
not distributed in a Gaussian distribution, modeling it wit h a Gaussian will cause
problems. For image annotation, it is always di cult for the probabilistic modeling
to be su cient due to the high variance of image contents.

In the contrast, traditional similarity-based approaches, e.g., spectral cluster-
ing[Belkin and Niyogi 2001] and manifold learning approacles[Belkin et al. 2006],[Song
and Tao 2010],[Zhou et al. 2010], does not have to assume th@exi c probabil-
ity structure of data, and requires only a similarity functi on de ned on pairs of
data instances. Recently, this approach has been shown to bsuccessful in the
semi-supervised context [Belkin et al. 2006], [Zhu et al. 205]. When regarded as
a regularization, it is also applicable to probabilistic models [He et al. 2009],[Mei
et al. 2008],[Cai et al. 2008]. We try to introduce this apprcach into model based
image annotation.

In practice, for images sharing some collective propertiest is reasonable to as-
sume they have similar semantic concepts. Recently, mach@learning approaches
utilized by such similarity constraints in the graph Laplacian form are applied
widely [He 2010], [He et al. 2009a], [He et al. 2009b], [He ed.a2009c]. In our
previous work[Shao et al. 2009], we incorporated the manitd assumption [Belkin
et al. 2006]to say that the probabilities of latent topics of images reside on or close
to a manifold, so that for images sharing similar visual featires or the same anno-
tations, they should have similar probabilities over di er ent latent topics. We then
t the generative model with respect to the manifold structu re which is modeled
by a nearest neighbor graph. Using graph Laplacian, the mariold structure can
be incorporated in the standard EM algorithm as a regularizdion term [He et al.
2009], [Mei et al. 2008], [Cai et al. 2008], and the semi-supésed annotation can be
carried out in a consistent fashion. Our experimental resuls show that the latent
topics learned in this way catches better the similarity relationship between images,
which re ect some properties of discriminative learning.

In this paper, we make use of the regularization with graph Lalacian [He et al.
2009], [Mei et al. 2008], [Cai et al. 2008] as a transductiveebrning approach to put
regularization on the variational inference technique. Irduced from spectral graph
theory and manifold learning theory, Laplacian regularizdion is a widely adopted
framework for regularization on function learning by incorporating with the intrin-
sic geometry of the manifold structure as well as being comgible with di erent
function learning techniques speci cally. When it was usedas a transductive learn-
ing approach, we don't require the explicit modeling of the manifold structure in
the domain of the function. The adjacency graph can be induce from any kind of
relational learning scenario or network structure introduced externally to the prob-
lem. We then pick a certain set of random variables in the staistical modeling as
labels to assign. The believes of the latent random variabke, represented as varia-
tional distributions, are an analog to the output of the function. We imposed graph
regularization on these variational distributions of the latent random variables and
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estimate them by maximizing the regularized variational free energy.

In the latter part of the paper, we rst provide a brief introd uction of the sta-
tistical inference approach, with a focus on the variationd inference particularly.
Then we pay some attention to the function learning framewok, where we also
investigated the role of regularization in machine learnirg, which provide a clue
for our regularization. Then we derive and de ned the graph regularization term.
Two algorithms are designed to solve the optimization, whos feasibility issues are
considered in depth in the following section. Finally we shav experimental results
on image annotation, compared to two previous approaches abe state-of-the-art.

2. RELATED TECHNOLOGIES

As our work is the combination of graph regularization and vaiational inference,
we rst provide a brief description of these two related technologies. We will also
describe their strength and shortage in brief.

2.1 Statistical Inference and the Variational Method

Statistical inference considers the problem of looking fotthe posterior probability
of some random variables given the observations of some otheandom variables.
Variational inference is a powerful statistical inferencetechnique which is approx-
imate but e cient enough to be carried out in practice for median or large scale
machine learning problems. In this section, we will brie y introduce this method.

For a directed acyclic graphical model with hidden variables setH, observed
variables setV (with observation v, but we ignored this for simplicity), and U =
H [ V, with the de nition pa (U), ch (U) and cp (U) as the parents, children and
co-parents set of nodeU respectively, we have

Y
p(U)= p(Ujpa (V) 1)
u2u

The general objective of statistical inference is to nd the estimated posterior
distribution

p(H;V) _ p pP(H:V)
p(V) p(H = h;V)dh

Since the integration usually yield intractable functional forms, making exact
statistical inference quite di cult in practice. Various a pproximate inference tech-
nigues are proposed in this consideration. Among them, the ariational inference
is a practically e cient one, and its approximation is relat ively tolerable.

The objective of variational inference, is to nd a variatio nal distribution q(H),
which approximates the true posterior distribution p(HjV) as close as possible.
According to speci ¢ problem settings, the variational distribution can be either
factorized or in a whole, either freeform or parametrized. ts closeness to the true
posterior is measured by the Kullback-Leibler divergence.

minKL (q(H)jip(HjV)) 3)
, maxHogp(HjV)iq(H) hIogq(H)iq(H)

, maxHogp(H;V)iq(H) h Iogq(H)iq(H) logp(V)
ACM Transactions on Intelligent Systems and Technology, Vo I. 1, No. 1, Jan 2010.
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Hepe we use the notationhf (x)ip(x) to represent the expectatioan (x) p(x) dx,
or f (x)p(x)inthe discrete case. Now since we are going to ndj(H), at this
point p(V) can be regarded as a constant. So the maximization can be denwith
respect to the rst two terms in the last line of Eq.(3). This w as de ned as the
variational free energy [Neal and Hinton 1999],

F = Hogp(H;V)iyu, hlogq(H)igy, 4)

The rst term is the so called complete data log likelihood, and the second term is
the entropy. The benet of maximizing this equation is that t he functional form
of p(H;V) can be specied by the statistical modeling of the problem, and the
expectations in the equation usually has tractable form wha certain assumptions
are imposed, such as the restriction of exponential family tributions.

In the variational inference method, the objective is to maxmize F with respect

to q(H),
a (H) =arg(r:?x Hogp(H;V)iqy, hloga(H)igy, ©)
q
Here Zy (V) is the normalization constant depend on the observed valug of V.

When the variational distribution q(H) is freeform, or in another way, non-parametric,
it has the following derivation,

q (H)= exp (logp(H;V)) = p(HjV) (6)

1
Zy (V)

In this case, it equals the exact posterior distribution of H. Otherwise when
it is parametric, the parametric form of q(H) which is nearest to the posterior
distribution in the measure of Kullback-Leibler divergence is to be estimated.

Variational method itself does not impose factorizable assmption to the form of
g(H). While in practice, the variational distribution is usual ly further factorized.
According to the level of factorization, there are fully factorized variational infer-
ence [Jordan et al. 1999] and generalized mean eld methodxing et al. 2003].
The latter is not the focus of this paper thus is not mentioned

When q(H) is fully factorized, it has the form of

Y
q(H) = q(H) (7)
H2H

Note that this does not mean that the posterior distribution p(HjV) can be fac-
torized, otherwise, inferring any unknown information does not have anything to
do with the known information at hand. Rather, it means that t he variational dis-
tribution used to approximate it can be factorized. When the optimization is done,
we regard each estimatedq(H) as a proper approximation to the corresponding
true posterior distribution p(HjUnH).

Once the variational distribution is factorized, the optim ized variational free
energy can be decomposed into a summation of the expected ldigelihoods,

X X
q (H)=argmax Hogp (Ujpa (U))i 4uyq(pa(uy Hoga(H)iypny (8)
att)  uau H2H
In this case, if we look at the terms depend on the variationaldistribution of a
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speci c H, namely q(H), the variational free energy is,

Fu = Hogp(Hjpa (H))iqmnyqepaHy)
+ Hogp(ch (H)jH; cp (H))iqyqeep 1y
h logq(H)i ) ©)

Thus, in the equilibrium state when all the variational dist ributions are opti-
mized, the optimal value of q (H) depends only on the optimal variational dis-
tributions of its Markov blanket, namely q (pa(H)), q (ch (H)) and g (cp (H)).
Variational inference is done by each time we pick up a latent/ariable H at random
and update its variational distribution by maximizing the v ariational free energy
Fy associated with it. This optimization depends only on the vaiational distribu-
tions or observations of its Markov blanket. Then we iterate this procedure over
all the latent variables, until no signi cant change of the variational free energy F
is detected. Other inference scheduling instead of whollyandom is also possible,
such as the Bayesian EM [Attias 2000].

In methodology, the way how statistical inference solves mehine learning prob-
lems is by modeling the problem domain with random variablesand probabilistic
dependencies among them, then infer the unknown quantities It is exible in
the sense that inference can be done in any direction with anyattern of miss-
ing values. But the major problem is the diculty of modeling . For example,
the network-structured similarity constraint is usually r epresented in an undirected
Markov random eld, but when it comes to latent topic modelin g of textual anno-
tations or visual words of images, the model is usually direted Bayesian networks.
If we want our model to bene t from both paradigms, we will easily come up with a
model in the form of a chain graph, which is rather di cult to d o inference usually.

2.2 Graph Regularization with Geometrical Background

In this subsection, we will introduce the graph regularizaton approach interpreted
in its geometrical background of manifold learning.

In traditional statistical learning, we de ne the joint pro bability distribution
p(X;Y ) of data X and label Y over X Y , according to which training data
are sampled for function learning. According to the empiri@l risk minimization
principle [Vapnik 1995], [Vapnik 1998], [Hastie et al. 200], the optimal function
estimated has the form of,

f (x)=arg )r/nin h (Y;y)i b(Y jX = x) (20)
whereV (yo;f (Xo)) is the empirical loss of the function computed at the data point
Xo, with the ground truth predicate of yg. In this way, p(X) does not have to be
estimated. In the task of predicting labels for a given data tem, we only have to
estimate p(YjX). This is the idea of discriminative learning.

In the framework of manifold regularization [Belkin et al. 2006], however, some
relationship between those two are created. To be more speci when estimating
p(YjX) for function learning, we want to put constraint on it at the support of
p(X).

To make use ofp(X), we need to exploit its intrinsic geometry. In the work
of manifold regularization, a particular case is considerd where the probability
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distribution p(X) (referred to as the marginal distribution) is supported on a sub-
manifold of an ambient space.

Manifolds are generalizations of curves and surfaces to aitbarily many dimen-
sions. In the simplest terms, these are spaces that locallybk like some Euclidean
spaceRY, and on which one can do calculus. The most familiar examplesside from
Euclidean spaces themselves, are smooth plane curves suchaircles and parabolas,
and smooth surfaces such as spheres, tori, paraboloids,ipBoids, and hyperboloids.
When the manifold is embedded in a high dimensional Euclidea spaceR", we also
call it submanifold of R" and this Euclidean space is called ambient space. The
formal de nition of submanifolds is as follows:

De nition of submanifolds: Let M be a subset ofR" such that for every point
X 2 M there exists a neighborhoodJ, of x in R" and d continuously di erentiable

functions ¢ : U! R where the dierentials of ¢ are linearly independent, such
that

M\ U=fx2Uj ¢(x)=0;1 k dg (12)
Then M is called a submanifold ofR" of dimensiond. [He et al. 2009]

In the work of manifold regularization, the penalty term to e nsure the smoothness
of the function f is imposed on the function learning objective induced from he
Empirical Risk Minimization principle, where the regulari zer kf k? is chosen to

re ect the compactness of the submanifoldM . [He et al. 2009]
z z

kf k2, kr v fK*dP () = L (f)fdP (x) (12)
X2M X2M
Herer \ f is the gradient of f along the manifold M and the integral is taken over
the marginal distribution. L is the Laplace-Beltrami operator,

L(f)= Lf = divr f (13)

In practice, the manifold structure M is usually unknown, thus Eq.(12) is unable

to be calculated. For this reason, a nearest neighbor graphsi used to capture

the manifold structure. We denote the observationx;'s as nodes. For eaclx; of a

speci ¢ data item, we look for its K nearest neighbors, and for eacl; in its nearest

neighbor set, we connect an edgH;j i in between the two nodes. The graph formed
in this way is denoted asS. Weights of the edges are further assigned to form an
adjacency matrix S = [S; ]. According to spectral graph theory [Chung 1997], we
can use a discrete equation to approximate the continuous e in Eq.(12).

X
@ TS () ) (14)

hiij i2 S
The approximation gets better when there are more data items The regularization
in the above equation is then appended to the function learnig objective.
If we denote the outputs of the function asf; = f (x;) and the vector f = [fi]iN:l ,
then the above equation can be rewritten in the form of graph laplacian,
1 X
N2
hiij i2 S

kf k° Lj fif; = %fTLf (15)
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whereL = D S is the Laplacian matrix with D =diag(S 1) the row sum of the
adjacency matrix.

In case of transductive learning or semi-supervised learng where not all the data
items are with labels, and what we focus on is to label them intead of learning the
function f, then the regularizer can be written as

X
T s byt oy Ly (16)
hij i2 S
In this way, the regularizer is imposed on the labels, not thefunction. The regu-
larizer in this form based on graph Laplacian can be used in siations where the
adjacency graph is not necessarily coming from the intringt geometry of p(X).
It can be induced from any similarity measure or network structure of the prob-
lem. And the regularization is to impose similarity constraints on the label pairs
restricted by the adjacency graph.

3. VARIATIONAL INFERENCE WITH GRAPH REGULARIZATION

In this section, we show the speci ¢ form of graph regularizéion imposed on the
variational inference procedure. We regard variational dstributions to estimate as
believes associated with the random variables, which are esidered as \labels",
and then impose graph regularization in a similar way as the dinction learning or
transductive learning in section 2.2.

In some situation, there may be a certain number of, sayN \objects" in the
problem domain, such asN documents,N images, orN authors, etc. When mod-
eling such a problem domain, each object may be associated tivia set of random
variables. Among these random variables, some may have anéttical sample space
over all the objects. For example, if we associate each of the documents a latent
semantic variable of the same kind, then these variables fain this category. Note
that such random variables of a speci c object may be either &tent or observed. In
case that all these random variables regarded as \label" arebserved, then it is typ-
ically a supervised learning scenario. There are also corsponding semi-supervised
learning and unsupervised learning scenarios. Similar wit these function learn-
ing scenarios, our task is to estimate the believes assoced with these variables,
which are represented as factorized variational distributons associated with these
variables. By this formulation, we can incorporate the reguarization framework in
typical function learning. We call such random variables wtose variational distri-
butions to estimate can have some form of regularization impsed on as \random
variables for regularization”.

One of the benets of statistical modeling is to deal with multiple attributes
associated with training instances. It is also possible thamore than one of such
attributes modeled in random variables requires regulariation. Each one of such
attributes is allowed to have di erent observation pattern s over all objects. To be
concrete and without loss of generality, in the latter part of this paper, we consider
the case where each object is associated with one type of raooh variables for
regularization, denoted asZ; for the ith object.

As indicated by the shapes, we treat Bayesian estimated latet variables in a
same way as observed variables with soft evidences. The foen has a variable
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distribution associated with it, while the latter has a constant one. The distribu-
tion associated with each variableZ is represented uniformly asq(Z), no matter
whether it is a variational distribution to estimate or a soft evidence observed on
this variable. Furthermore, point values, either to be estimated or observed, can be
regarded as a distribution represented in Dirac functions (Z;z ), thus, they are
also in the form of aq(Z) formally.

By using these notations, now we can treatq(Z1) ;:::; q(Zn) as predications of
function learning in manifold regularization or as labels d the graph Laplacian.
Take manifold regularization as an example, letq(X1);:::;q(Xy) be the observed
portion of the objects, also modeled as random variables, kduwith point observed
values xi;::;; XN . The function f to learn in manifold regularization now has a
domain X, and arange z. HereX is the sample space oK, and Z is the sample
space ofZ. 7 represents the space of all the probability density or massunctions
over Z. In this case, if the possible values oK all lie on a manifold M , then the
smoothness of functior%f on the support of M isZ

kfky, = kr m fk?d P (x)= L(f)fd P (x) a7)
X2M X2M
The corresponding discrete form as a regularization term n@ becomes the following
(check [Mei et al. 2008] for the motivation)

1 X
S; &®(q(zZi);a(zp)) (18)

R= =
2

hij i2 S
d( ;) is the distance between two probability distributions. Sis the nearest neigh-
bor graph of the training data instances created to capture he manifold structure.
S = [S; ] is the corresponding adjacency matrix. Note that here the mrmaliza-
tion term 1=N? is ignored as the regularization term has a hand tuned weighng
constant on it.

Here we do not specify the form of the distancese.g. they can be KL-divergences[Tao
et al. 2009] or Bregman divergences|[Si et al. 2010]. In the sa when the distance
is induced by an inner product, the regularization term can be further written as

X
R = Li ha(Z):a@z)i (19)
hij i2 S
whereL =[L; ] is the Laplacian matrix. L = D S. D is a diagonal matrix whose
diagonal elements are the row sums 08.

In the case of general graph Laplacian induced from the netwix structure instead
of manifold regularization, there may not even be the obsered X part in the
statistical modeling. But the regularization term can stil | be formulated as Eq.(19)
with an externally de ned adjacency matrix of the network or graph structure.

In both manifold regularization and graph Laplacian cases 6the last section, we
can append the regularization term to the variational free energy of Eq.(4), yielding
a regularized objective function,

g (H)y=argmaxQ=F R (20)
a(H)
Here we still assume that all the latent and observed variabés in the statistical
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modeling areH and V respectively. AndU = H [ V is the set of all the variables.
The random variables setZ = fZ3;:::;Zy g is a subset ofU.

We argue that such con guration is useful in practice. First, the statistical
modeling in a graphical model is usually a simpli cation to the underlying true
process [Bilmes 2004], it is unable to involve all the repremntative random vari-
ables in the problem domain nor to capture the full probability dependency among
them. Furthermore, the variational inference served as an pproximate inference
technique imposed another level of approximation, which itroduces more inference
bias into the problem. Graph regularization, thus provide a way to introduce an-
other kind of prior knowledge coming from the network structure of the problem
which is originally di cult to be utilized in statistical mo deling. Second, we argue
that when doing statistical modeling, preserving a certainkind of simplicity is nec-
essary. For example, when modeling the semantics of documesnit is reasonable to
assign a single latent topic variable to each document, othevise the probabilistic
dependency relationship, or the probabilistic graphical nodel in another way, is
di cult to specify manually. And with such kind of random var iables in the graph,
the restriction of conjugacy requirement for the e ciency of computation greatly
limited the possible types of generative models one can makese to model these
variables. For these reasons, doing statistical modelingni a simple and straightfor-
ward way, and then imposing additional level of regularity conditions as constraints
is not only necessary but also deserving.

4. ALGORITHM DESIGN

Since the regularization term corresponding to one set of nadom variables involves
the variational distribution (or soft evidences) of those variables only, the regular-
ized version only change the variational updating of the coresponding variables.
Thus, in this section and the latter part of the analysis, we focus on describing
the optimization with respect to the regularized variational distributions we are
interested in. The objective function to maximize is

q (Z) = argmax Qz
a(z)
= Hogp(Z;ch(Z)jpa(Z);cp (2))i
X
Hogq(zi)i Lij ha(Zi);q(z))i (21)
i=1 hijj i2 S

The optimization is done with respectto N variational distributions q(Z1) ;:::;9(Zn)-
As will be proved in section 5.1, it su ces to do maximization with each variational
distribution separately as in Eq.(22) and iterate over all these variational distribu-
tions, similar with the original variational inference pro cedure. And furthermore,
even message passing procedures similar with the variati@hmessage passing [Winn
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and Bishop 2005] can be designed as well.

q (Zi) = argmax Qz,
q(Zi)
= HO%?(Zi;Ch (Zi)jpa (Zi);cp (Zi))i h logq(Zi)i
Li ha(zi);q(z;)i (22)
j:hijji2 s

In the following two subsections, we will show how we do optination on this
maximization problem.

4.1 lIterative Optimization by Newton's Method

A rst solution is by using standard Newton's method on the optimization of each
variational distribution q(Z;). The optimization scheduling of the whole regularized
variational inference process is kept the same as in originavariational inference.
Each time we pick a random variable and update its variationd distribution q(Z;)
by maximizing the regularized variational free energyQ, and iterate this process
on all the random variables, until the variational free energy does not change sig-
ni cantly. The validity of such iterative approach needs th eoretical justi cation
about its convergence. This is done in section 5.1. Thus heree are safe to do so.
Iteratively updating each random variable is possible and vill not cause problem in
the case of local maxima searching. We call this algorithm LpVarl. According to
the type of the random variable Z;, there are three cases for which the optimization
is carried out,

| Bayesian estimated, non-parametric . A typical scenario for this case is
the Bayesian estimated discrete variable. Optimization inthis case is done with
respect to the multinomial variational parameters of the discrete random variable.

| Bayesian estimated, parametric . Optimization in this case is done with
respect to the variational parameters determined by the spei ¢ parametric form
of the variational distribution.

| Point estimated . Optimization in this case is done with respect to the optima
point values.

In the example distribution types of section 4.3, we will give the detailed deriva-
tions of random variables fall in these categories.

4.2 A Two-Stage Accelerated Solution

The above solution based on Newton's method is e cient enoudp and guaranteed
to converge to some local maxima or stationary point. But in ©me situations,
when we need even more e cient algorithms, here is a solutionwhich is used in
our image annotation experiments.

To describe the acceleration algorithm, we rst have a look @ what e ects the
regularizer takes on to the learning problem. To do this, we an try to compute
the Newton's updating step for q(Z;) from only the regularization term R, with a
step length
Si

Y (zZ)=a a@zn+ a(Z;) (23)

j:hiji2 s
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From this we see that the role of the regularizer is to make thevariational dis-
tributions more smooth. Thus, an even more e cient optimiza tion method similar
with the generalized EM can be used.

In the optimization, we group together the random variables on which the graph
regularization are imposed on, and do variational updatingon them at the same
time by maximizing the original free energy F. After their variational updating,
we do smoothing on them by using Eq.(23) until converge. Aloig the smoothing
process we record the optimal variational distributions fa which the regularized
variational free energy Q is maximized. If the maximized regularized variational
free energy is larger than that in the last major iteration, then the optimization
continuous. We call this algorithm LapVar2.

4.3 Derivation Example

As an example, we show the derivation of regularized variattnal updating equa-
tions of a discrete variable, under Bayesian estimation,i.e., the random variable
has a sample space of a nite integer set, and we estimate a faarized variational
distribution of this variable when it is treated as a hidden variable without obser-
vation.

When a discrete variable having a sample space withk values is Bayesian esti-
mated, it is associated with K variational parameters. We denote the variational

parameters ofZ; as ;| = ik]le (i.e. here i is equivalent q(Zj = k)). When
optimizing with respect to ;, the following vector of length K is constant,
X
¢i = Hogp(Zi;ch (Zi)jpa(Zi);cp (Zi)i ¢z, Lij a(z;) (24)
j:hijj i2 Sj6i

Here the notation q(Z;) means the variational distributions except q(Z;).

Since we are maximizing the regularized variational energywith respect to |,
which is a simplex variable, we need to impose a Lagrange termn to the optimiza-
tion to ensure the normalization. In this way, the objective function to maximize
can be written as

QZi = FZi RZi i(m(zi);li 1)
= hijci h jilog ii  Lihi; i jhijli+ (25)

The subscript i in the Lagrange multiplier ; means that eachZ; has such an
individual Lagrange multiplier. The gradient vector of Qz, is

E @@DZ' = Cj |Og i 1 il 2L
' (26)
2Ry g
@i
T% solve the point with zero gradient, we get the updating vedor as
I !
% - )6 @Zi 1 + @Zi X< 1
' 1 @k 1= +2 L @i o FF ok v2 L 27)
3 @z,
- L= ! . 1: . +2 L -
ik @ i ( ik ii )
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5. ALGORITHM ANALYSIS

In this section, we give some in depth analysis of the proposkgraph regularized
variational inference algorithm. In this section, we are daling with the abstract
form of the regularized inference problem. By our analysishoth the original vari-
ational inference and our graph regularized variational iference are guaranteed to
converge to a local minima or a stationary point, and the computational complexity
is a ordable.

5.1 Convergence Properties

In this section, we analyze the convergence properties of owraph regularized
variational inference, in the situation that the variation al distributions are fully
factorized, and the factorized variational distributions are in their non-parametric
form abstractly. We begin by check the convergence propertyf the original vari-
ational inference rst. In these analysis, we assume that tke variational updating
procedure of each individual variational distribution is able to locate the local max-
ima or a stationary point.

First of all, we notice that when maximizing F with respect to the q(H)'s, the
constraints restricting the gq(H)'s normalization as a proper probability or mass
density function have to be appended, making the optimizaton constrained, as
formulated below,

max F=Hogp(H;V)igy, hlogq(H)igq,
st. q(H)> 0;8H 2 H
hgH);1H)i=1;8H 2 H (28)

here 1 H) is a constant function with value one.
With this formulation, to analyze the convergence we need tautilize the necessary
and su cient conditions of constrained optimization.

Theorem 1. If the variational updating of each individual variational distribu-
tion is guaranteed to converge to a local maxima or a stationg point, then the full
variational inference in the form of a constrained optimization in Eq.(28) converges
to its KKT point.

Proof. First we de ne a helper function to simplify the notations,
oq (), Hogp(H;V)iq(HnH); for8H 2 H (29)

In assumption, for an arbitrary latent variable H 2 H, its variational updating
converges to its local maxima or a stationary point (marked wth ). According to
the rst order necessary condition in [Nocedal and Wright 2006], we have

gu (h) 1(h) loggy ()=  1(h)+ 4 (h)
n()>0 (h) o (h)=0
o (h) > O;hoy (h);1(h)i =1 (30)
here p is the Lagrange multiplier for the equality constraint and  (h) is the

Lagrange multiplier function for the inequality constraint. The left hand side of
line one in EQ.(30) is the gradientr ,Fy. SinceF is a multi-linear function plus
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14 Yuanlong Shao et al.

a mutually independent entropy function with respect to all the gy (h)'s, the joint
gradient is the conjunction of all the individual gradients,

rE=[rnFulyoy =0gn (h)  1(h) logagy ()], (381)

The constraints are also mutually independent among all theq(H)'s. So the rst
order necessary condition for the full variational infererce problem can be written
as

[on (h)  1(h) logay (Mlyon =0 v 1Moy +[ W (M]y2y
w()y>0 () gy()=0; for8H 2 H
hgy (h);1(h)i =1;04 (h)> 0; for8H 2 H (32)
Provide that Eq.(30) is satis ed for any H 2 H, we can easily verify that Eq.(32)
is satis ed as well, thus the solution marked with being the local maxima or

stationary point of all the variational updating simultane ously is the KKT point of
the full variational inference. O

Next, we can prove that the solution above satis es the secod order su cient
condition of the constrained optimization [Nocedal and Wright 2006].

Theorem 2. The KKT point of the full variational inference obtained in T heo-
rem 1 is also guaranteed to be a local maxima or a stationary fat.

Proof. The Hessian of the Lagrange function of optimization Eq.(28 is

r 2L =diag [ 1=oq ()], (33)

From this we see that the Lagrange function is strictly negaive de nite. Thus
the second order su cient condition mentioned in [Nocedal and Wright 2006] is
satis ed. Thus, the KKT point is a local maxima or a stationar y point. [

Based on this, we can show the convergence of the graph reguteed variational
inference as well. The constrained optimization is as folle,

X
max Q = Hogp(H;V)i h logq(H)i Ly ha(Zi);a(z;)i
a(H) hij i2 S
st. q(H)> 0;8H 2 H
hgH);1H)i=1;8H 2 H (34)
Theorem 3. If the updating of each individual variational distribution with the
graph regularization imposed on is guaranteed to convergeta local maxima or a

stationary point, then the full graph regularized variational inference in the form of
a constrained optimization in Eq.(28) converges to its KKT point.

Proof.  Similar with the proof of Theorem 1, we rst form the Lagrange func-
tion of the optimization and then show that the rst order nec essary condition is
satis ed.

X
r2Qz, = 9z, (z) 1(z) loge, (z) Li @, (z); for8Zi 2fZy;:5Zn g
j:hijj i2' S
rQu =gu (h) 1(h) logg, (h); for 8H 2 HnfZ;;::;;Zn g (35)
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The rst order necessary condition is still satis ed,

[ hQuluon =0 1 TMlyon +1 v (Mly2y
(N> 0 4 (h) g4 (N)=0 (36)
G () > O;hgy (h);1(h)i =1
O
And here is the corresponding su cient condition,

Theorem 4. The KKT point of the full graph regularized variational inference
obtained in Theorem 3 is also guaranteed to be a local maxima a stationary point.

Proof. The Hessian of the Lagrange function of optimization Eq.(34 is

r2L=diag [ 1=tu (M)l Ly () < (37)

The rst term is strictly negative de nite, and the second on e is negative semi-
de nite, so the Hessian in all is negative de nite. Thus, the KKT point is a local
maxima or a stationary point. O

5.2 Computational Complexity

The computation complexity of graph regularized variational inference algorithm
LapVarl in section 4.1 is in the same level with the original \ariational inference
algorithm. Both are O (T N), where N is the number of latent random variables, T
is the number of major iterations carried out over all the N latent random variables.

In the original variational inference, the variational upd ating of some variables
does not have an analytic form, thus iterative optimization is required to obtain
the solution, such as the updating of Dirichlet parameters Minka 2003].

While in LapVarl, more random variables require updating steps with optimiza-
tion. Almost all the variables with graph regularization do so. For this reason, the
computation e ciency of LapVarl is worse than the original v ariational inference.
In practice, the loss of e ciency is a ordable. Take the perf ormance improvement
into consideration, it is worth to do so. However, as many varables may involve
minor optimization in each of its iteration, di erent optim ization scheduling dif-
fers dramatically in computational e ciency. For example, some models extended
from algorithms originally carried out by Expectation Maxi mization may divide
the optimization scheduling into two major steps as E step amnl M step, such as the
LDA model where document-topic mixing coe cients are optimized in E step. In
this case, as E step itself will optimize the corresponding ariational distributions
until convergence each time, doing so in graph regularizedariational inference usu-
ally cause una ordable computation e ciency. In our experi ments, we found that
inference scheduling generally does not a ect performanckrgely. So in our exper-
iments, we all use fully random approach to pick the random vaiables to update.
But we ensure that in each major iteration, each variable is ypdated exactly once.

In LapVar2, however, since the smoothing is done over all therandom vari-
ables of one type where a speci ¢ graph regularization is impsed on, optimization
scheduling has to be changed where all these variables arensidered as a whole
and updated at the same time. When the original variational updating of these
variables has an analytic form and does not require optimiztion, then LapVar2 is
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more e cient than LapVarl, almost the same as the original variational inference.
However, convergence properties are generally not guaraeéd since it is a multiple
objective optimization with iterations over di erent obje ctives. It can only be used
when computational e ciency is very important.

6. EXPERIMENTS

In this section, we show performance improvement of our propsed method in the
image annotation area. We carry out our method on the mixtureof unigram model,
and compared to various models without graph regularizatia.

In the following part, we use a slightly di erent notation set from the standard
graphical model representation [Jordan 1999], which is lied as follows,

@ . Bayesian estimated latent random variable.

E . point estimated latent random variable.

@ . observed random variable with soft evidence [Bilmes 2004jbservation.
E : observed random variable with point value observation.

6.1 Typical Topic Models for Image Annotation

We compare our approach to the pLSA-Words model [Monay and Gtca-Perez
2004] in Fig. 1(a) and the Link-LDA model [Stephen et al. 2004 in Fig. 1(b).

OB | JOBHON
O | oo

(a) pLSA-Words (b) Link-LDA

]

Fig. 1. Comparison of previous image annotation models.

pLSA-Words is based on the pLSA model [Hofmann 1999],[Hofman 2001]. It
models the correlation between textual words and visual wods [Csurka et al. 2004]
by connecting two pLSA models and share the same mixing coe gents of latent
topics. According to the analysis of semantic gap mentionedn [Monay and Gatica-
Perez 2004], the semantic level of textual words and visual erds di ers largely.
Intuitively, it is to say that the correlation between image contents and the textual
words are higher. For this reason, the training of the pLSA-Wbrds model requires
two stages, separating the textual and visual words. In thispaper, we use the same
strategy when implementing the pLSA-Words model for image anotation.

Link-LDA is based on the Latent Dirichlet Allocation model [ Blei et al. 2003]. It
also connects the textual and visual words by two separate tpic models. And share
the mixing coe cients between the models. In addition, the Dirichlet parameters
for the generative models of document topic coe cients are dso shared between
the connected models. The di erence of LDA versus pLSA is thentroducing of a
Dirichlet prior for the document topic coe cients , which itself has been changed
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to Bayesian estimation. Furthermore, the word-topic coe c ients are also turned
into Bayesian estimation and appended with a uniform Dirichlet for smoothness.

6.2 Speci cation of Our Image Annotation Model

-

Gay = o~
) N\

N Q=
—_
el "
MJ K = \"\"
(a) LapMixUnigram Model (b) Adjacency Graph of Images

Fig. 2. The model used in our image annotation experiments ba sed on graph regularized variational
inference. (a) Link-Mixture-of-Unigram, we use this model  for our base model and imposed the
graph regularization on the random variable set Z's, marked as red. (b) The adjacency graph of
the network of images. Each icon is a representation for an im age. The labels below the icons are
to represent the given annotations of images. Note that most of the images are without annotation
and our learning procedure is to annotate them. The thicknes s of the edges denotes the weights.

The model we use, named LapMixUnigram, is a connected mixtug of unigram
model, as illustrated in Fig. 2(a). The reason for choosing rixture of unigram
as the base model is because of the e ectiveness of the dist¥evariables used as
latent topics. It forms a more coarse approximation to the pe-word topic models
such as pLSA or LDA, but the its simplicity makes it easier for us to impose
graph regularization. In this way, the shortage of the modelis strengthened by the
regularization.

We build an adjacency graph between the images, as illustrad in 2(b). For
imagei and imagej (i;j 2f1;:::;Dg), if

fWig; i Win g\ Wi i Win, > Tw
or (38)
fVis; 5 Vim g\ Vi i Vim, > Ty
Then we create an edge between them. The weights of the edg&s are assigned
as follows

8

ESij =1

Bsij =exp k X; Xjk2=t ;. 8h;ji2 S (39)
LS = XX

Here X is either the textual or the visual words of a speci c image. h our experi-
ment, we use the second line of Eq.(38) and the rst line of Eq(39).

Since most of the images are not with annotation and we are to mnotate them,
the word component in 38 is not so useful in this setting. So wenly used the visual
part for the creation of the adjacency graph. In another word the adjacency graph
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is determined by the visual components of the images. More gerally speaking,
since the visual words are obtained by clustering the local nglobal image feature
descriptors, so in fact, how to determine the similarity between image pairs, or in
another way which image pairs should have an edge in the adjancy graph and how
to set the weights, is a big research topic. Especially in thamage retrieval area,
there are many works talking about how to de ne distances in the space of image
representation, or how to de ne a proper metric in such a spae, such as the Earth
Mover's Distance[Rubner et al. 2000]. Particularly, if eat image contains several
local descriptors in di erent number, then how to compute the similarity measure
of the images based on these descriptor vectors, is a typicaroblem in the Multiple
Instance Learning area. Usually, they treat the vectors assciated with an object as
samples generated from an individual probability distribution corresponding to this
object. So the problem is to estimate the probability distribution of each object
and then use the distance or distance like metric to measurehie similarity between
objects, such as Kullback-Leibler Divergence, Earth MoverDistance, etc. Here,
as this is the focus of our paper, we will not mention them in deail. What we
concern is that under certain regularity condition, can statistical inference methods
get better estimated believes. So we simply use our proposesday of specifying the
weights of the edges.

After learning, each unannotated image get an estimated vaational distribution
of its Z variable, which can be regarded as the probability of this inage having
these latent topics. While the probability of annotated words given the probability
of the topics of an image can be obtained in the following way,

g(Whew = W)
% .
= 0(Znew = K) p(Whew = WjZpew = K; )
k=1
X
= (Znew = K) kw (40)
k=1

6.3 Database and Experiment Settings

In this experiment, we use the Corel Image Database as mentied in [Barnard et al.
2003]. It contains 80 CDs of images, with 14000 images in tota Each image is
associated with one to ve textual annotations. The author of [Barnard et al. 2003]
extracted about 10 feature vectors for each image, and eacheetor is of dimension
49, describing a segmentation of the image, including aregosition, color statistics,
gradient statistics, di erence of Gaussian, etc. In order © make the visual words
more informative and stable in computation, we did some prepocessing to the
feature vectors. We removed the redundant entries, then traslate, rescale and
non-linear monotonically transformed the remaining entries so that they all lie in
a xed interval [0 ; 1], and distributed evenly.

In our experiments, we randomly select 10 overlapping subsg, and repeat each
of our experiments on these subsets to compute the averagedperimental results,
in order to make our results more statistically stable. Eachsubset has a dictionary
of about 150 words. Each subset is further divided into a big st(75%, 5200 images)
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and a small set(25%, 1800 images). Di erent from previous irage annotation works,
in our training procedure, we give the annotations of the smd set and try to predict

the annotations of all the images in the big set. This matcheghe practice better.

In practice, we usually have a very large image database, buery few of them are
annotated. In addition, to better utilize the bene t of semi -supervised learning and
transductive learning, we don't separate the training and testing stages. All the
annotated and unannotated images are put together for learmng. The adjacency
graph is created on the combined image sets.

6.4 Evaluation Metrics

When evaluating the results of the image annotation, we haveseveral di erent
measures which can be utilized. Like Hit Rate [Zhang et al. 205], Complete
Length [Zhang et al. 2005], Accuracy [Monay and Gatica-Pere 2004] and Nor-
malized Score [Barnard et al. 2003], etc. Here, we choose tvfimm them which are
representative and complementary.

| Accuracy If we predict the same number of annotations as the number of gound
truth annotations, then accuracy is de ned as the rate of corectly predicted
annotations. Values are between 0 and 1. The larger the valig the better of
the experimental performance.

| Complete Length  The minimum number of predicted words required for each
image to cover all the ground truth annotations. The value is averaged over all
the images in an speci ¢ experiment. And the larger the value, the worse the
experimental performance.

Between them, \accuracy" re ects the prediction performance and accuracy of
the top predicted words, while the \complete length" re ect s the overall judgements
of the classi er on all the words. These two, altogether, pravide a clear quality
measurement on the learning algorithms. These are like theealationship between
recall and precision, but in the sense that for every query, w have a predicted
ranking on all the words.

Note that in our experiments, since the number of ground truth image annota-
tions are usually the same among all the images (about 4), so evdon't need any
normalization of the accuracy values with respect to the grand truth annotation
number. Nor can we normalize the value with respect to the ditionary length.

6.5 Baseline of Our Algorithm

In this paper, we provide two baseline measurements to betteillustrate the contri-
bution of our proposed approach. The rst one is the empiricd estimation, where
the prediction result for each query simply follows the overll term frequency of all
the words. And the second one is the Mixture of Unigram model vithout graph
regularization.

From this we see that, simple topic modeling is sometimes noso powerful to
model the images, where they are even below the empirical estation. When topic
number increases, the algorithm performance of top returnd words, in the sense
of \accuracy", will be improved.
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Annotation Performance on Unlabeled Images Annotation Performance on Unlabeled Images

130
g p——~v M
{=2)
0.25 1 c
z A A % 110
I . ———A——& a=x
5 4 o
Q 17
£ o2 E_ 100 —£— LapMixUnigram
% 8 9 —V—Mlxu_n.lgram o
e P Empirical Estimation
zZ015 4 g 80
[
R CELLLL
< 59 A
OJS L L L ] 60 L L L
10 20 30 40 50 10 20 30 40 50
Number of Latent Topics Number of Latent Aspects
(a) Accuracy (b) Complete Length

Fig. 3. Baseline measurements. The two solid lines are the sa me topic model with and without
graph regularization. The dotted line of empirical estimat  ion is computed by rst count the word

frequencies over the whole training database and then for ea ch test image, we only return the
empirical ranking of these words.

6.6 Comparison to Typical Topic Models

The comparison results are illustrated in Fig. 4. The preceéhg Fig. 5 is random
examples from our experiments. From these results, we seedhour method works
quite stable. That is because the graph regularizer smootfe the solution space
and make the estimated more determined by the manifold struture, thus not so
prone to the number of latent topics. Link-LDA is supposed to be better than
pLSA-Words, but in our annotation experiments, since the number of annotations
of each image is too few. In order for these annotations to fon a mixture of
multinomial model with a high number of latent topics, the mi xing coe cients are
usually very sparse, this limited the transfer of information among di erent word-
topic componentsin and in the variational inference procedure, thus more prone
to local maxima. Especially in the experiments when number 6 latent topics are
larger than 30, the mixing coe cients are so few so that the madel tend to go to
some local maxima which ts the data worse but have a conditimal likelihood in
and . The resulted model in this case prefer to predict words thatare empirically
signi cant. However, in case of the complete length measurd.ink-LDA is still
stably better than pLSA-Words.

Another issue is the closeness of performance between pLSAerds and our pro-
posed method when number of latent topics are large. This is mstly because of
adding regularization to the mixture of unigram model makesthe local minima
more stable, but di erent from the original results. And giv en this experimental
results, we see that the regularized results are close to theLSA-Words with more
latent topics. This issue in turn calls for better optimization techniques for the
graph regularized models to make it less prone to bad local mima.

7. CONCLUSION

In this paper, we proposed a graph regularized variational iference method as a
general inference method, which is particularly suitable ér application areas with
multiple modalities and the network-structured relationship of one modality can
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Annotation Performance on Unlabeled Images Annotation Performance on Unlabeled Images
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Fig. 4. Image annotation results. Note that Accuracy is bett
Length is better with lower values.

er with higher values, but Complete

cat rock ti ger water
water cat t iger rock
water tree sky peop le

>l

people pillars stone temple
stone pillars people temple
people water sky mountains

owers leaves plants
leaves owers plants
tree water sky

bear polar snow
snow bear polar
water tree grass

birds branch night owl
birds owl night branch
tree people water sky

jet plane sky
sky plane jet
sky tree plane

Fig. 5. Image Annotation Examples. First line: Ground Truth
MixUnigram; Third Line: pLSA-Words.

Annotations; Second Line: Lap-

be helpful for the inference problem of other modalities. Asa typical example, we
choose image annotation to implement and verify our proposg method.

The experimental results in general, show that the graph reglarized variational
inference, even with very simple base models, will outperfon more advanced mod-
els without regularization.

A further question is that whether such kind of regularization can be modeled
with a globally consistent probabilistic model, such as a chin graph with random
eld components. And how to do inference e ciently on these regularized models.
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